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1. Introduction and main results
LetΩ be a domain ofRn with n ≥ 2. A homeomorphism f : Ω → Rn is a K-quasiconformal mapping for a constant K ≥ 1
if f ∈ W 1,nloc (Ω,Rn) and
|Df (x)|n ≤ KJf (x) for a.e. x ∈ Ω. (1)
Here Df (x) stands for the differential matrix of f and Jf (x) = detDf (x) denotes the Jacobian determinant of f . The norm
|Df (x)| of Df (x) in (1) is defined as |Df (x)| = sup {|Df (x)ξ | : ξ ∈ Rn, |ξ | = 1} .
Let BMO (Rn) be the space of functions of bounded mean oscillation in Rn. We recall that a function u : Rn → R belongs
to BMO (Rn) if u is locally integrable in Rn and satisfies
∥u∥BMO(Rn) = sup
Q
−

Q
u(x)− uQ  dx <∞. (2)
The supremum in (2) is taken over all cubes Q ⊂ Rn. Here and in what follows the notation
uE = −

E
u(x) dx = 1|E|

E
u(x)dx,
is used whenever E ⊂ Rn is a Lebesgue measurable set of positive bounded measure |E|.
Let us introduce the composition operator Tf [u] = u ◦ f −1 where f : Rn → Rn is a K -quasiconformal mapping and
u ∈ BMO(Rn). It is well-known that Tf maps BMO(Rn) into itself continuously, as stated by the following result of Reimann
[27].
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Theorem 1.1 ([27]). Let n ≥ 2 and let f : Rn → Rn be a K-quasiconformal mapping for some constant K ≥ 1. Then there
exists C = C(n, K) ≥ 1 such that, for every u ∈ BMO (Rn),
1
C(n, K)
∥u∥BMO(Rn) ≤
u ◦ f −1BMO(Rn) ≤ C(n, K) ∥u∥BMO(Rn) . (3)
It is worth pointing out that spaces of functions of bounded mean oscillation are not the only ones which are stable
under quasiconformal changes of variables. Indeed, quasiconformal mappings (and their suitable generalizations) turn to
be the class of homeomorphisms for which the composition operator acts continuously between Sobolev spaces (see [13,
16,29–31] and the references therein), logarithmic Orlicz–Sobolev spaces (see [15]), fractional Sobolev spaces (see [17,22]),
spaces of functions which are absolutely continuous (see [14]). More than that, the study of composition operators between
Sobolev spaces seems to have a connection with the problem of the regularity of the inverse of a Sobolev homeomorphism
considered for instance in [7,10,18,19,24].
Let us introduce the distance of a function u ∈ BMO(Rn) to L∞(Rn) as
distBMO(Rn)

u, L∞(Rn)
 = inf
ϕ∈L∞(Rn)
∥u− ϕ∥BMO(Rn). (4)
The first result of this paper provides quantitative estimates as in (3) where the BMO norms are replaced by the distances
in BMO to L∞. More precisely, given a function u ∈ BMO(Rn), we consider the quantity
ε(u) = inf

λ > 0 : sup
Q
−

Q
exp
u− uQ 
λ
dx <∞

, (5)
introduced in [11] by Garnett and Jones. The supremum in (5) is taken over all cubes Q ⊂ Rn. The main result of [11] states
that ε(·) is equivalent to the distance to L∞(Rn) in the space BMO(Rn) defined in (4). Before we state our results, we need to
recall a well-known property of quasiconformal mappings. More precisely, as a corollary of the Gehring’s Lemma [12], for
fixed K ≥ 1 and n ≥ 2, there exist positive constant C0 = C0(n, K) and α = α(n, K) with 0 < α ≤ 1 ≤ C0 such that, for
every K -quasiconformal mapping f : Rn → Rn,
|f (E)|
|f (Q )| ≤ C0
 |E|
|Q |
α
if Q ⊂ Rn is a cube and E ⊂ Q is a measurable set. (6)
Finally, let
C(n, K) = 1
α(n, K)
. (7)
We are in a position to state our first result.
Theorem 1.2. Let n ≥ 2 and let f : Rn → Rn be a K-quasiconformal mapping. Then, for every u ∈ BMO(Rn),
ε

u ◦ f −1 ≤ C(n, K)ε(u), (8)
where C(n, K) is the constant defined in (7).
We mention here that to each function u ∈ BMO(Rn) there corresponds a weight in the A∞ class of Muckenhoupt (see
Section 2 for the definition) given by eδu, for some δ > 0 depending on n and ∥u∥BMO. For this reason, Theorem 1.2 is deeply
related to a paper by Johnson andNeugebauer [21]where the composition problem for the classes ofMuckenhoupt is treated
(for the definitions of such classes see again Section 2).
Let us point out that some sharp results for planar quasiconformal mappings (see Theorem 1.1 in [1] and Corollary 10
in [3]) implies that
C(2, K) = K .
Therefore, in the two-dimensional case, the inequality (8) reads as
ε

u ◦ f −1 ≤ Kε(u) for every u ∈ BMO(R2). (9)
We address that the above estimate is sharp, in the sense that there exists a K -quasiconformal mapping f : R2 → R2 and a
function u ∈ BMO(R2) such that the inequality (9) occurs with equal sign. This is shown by means of Example 1.
With regard to the Jacobian determinant Jf of a quasiconformal mapping in [27] it is proved that if n ≥ 2 and if
f : Rn → Rn is a K -quasiconformal mapping then log Jf ∈ BMO (Rn). Furthermore, in [28] it is proved that if f : R2 → R2
is a K -quasiconformal mapping then there exists a constant B = B(K) depending only on K such that
∥ log Jf ∥BMO(R2) ≤ B(K). (10)
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Moreover, the constant B(K) is of the form
B(K) = σ
 K
1
C(κ)
κ
dκ,
where σ is some universal constant and C = C(·) is the constant C(2, K)which appears in (3) when n = 2.
Our next result provides quantitative estimates close to (10).
Theorem 1.3. Let f : R2 → R2 be a K-quasiconformal mapping. Then
ε(log Jf ) ≤ K − 1. (11)
We address that the above result is sharp, in the sense that there exists a K -quasiconformal mapping f : R2 → R2 such
that the inequality (11) occurs with equal sign. This is shown by means of Example 2.
Now, we want to extend our results to a space which is close to BMO(Rn). Let Ω be a bounded domain of Rn. The
exponential Orlicz space EXP (Ω) is the set of measurable functions u : Ω → R such that there exists λ > 0 for which
−

Ω
exp
|u(x)|
λ
dx <∞.
We recall (see e.g. [26]) that EXP(Ω) is a Banach space equipped with the Luxemburg norm defined as
∥u∥EXP(Ω) = inf

λ > 0 : −

Ω
exp
|u(x)|
λ
dx ≤ 2

. (12)
We also remark that L∞(Ω) is not a dense subspace of EXP (Ω) (see e.g. [26]). Similarly to (4) the distance to L∞(Ω) in
the space EXP(Ω) is defined as
distEXP(Ω)

u, L∞(Ω)
 = inf
ϕ∈L∞(Ω)
∥u− ϕ∥EXP(Ω). (13)
Appealing to the results in [5,9], the distance to L∞(Ω) in EXP (Ω) evaluated with respect to the Luxemburg norm (12)
is given by
distEXP(Ω)

u, L∞(Ω)
 = infλ > 0 : −
Ω
exp
|u(x)|
λ
dx <∞

,
for every u ∈ EXP(Ω).
The link between the spaces BMO(Rn) and EXP(Ω) is given by a result of Iwaniec and Sbordone in [20] which states that
a measurable function u : Ω → R belongs to EXP (Ω) if and only if there exists v ∈ BMO (Rn) such that
|u(x)| ≤ v(x) for a.e. x ∈ Ω.
This implies that u ∈ EXP (Ω) if and only if u ◦ f −1 ∈ EXP (f (Ω)) provided f : Rn → Rn is a quasiconformal mapping (see
Lemma 3.2 in [8]).
Our next theorems are similar to Theorems 1.2 and 1.3 respectively and feature the space of exponentially integrable
functions.
Theorem 1.4. Let n ≥ 2 and let f : Rn → Rn be a K-quasiconformal mapping and let Ω be bounded domain of Rn. Then, for
every u ∈ EXP (Ω),
distEXP(f (Ω))

u ◦ f −1, L∞ (f (Ω)) ≤ C(n, K)distEXP(Ω) u, L∞(Ω) , (14)
where C(n, K) is the constant defined in (7).
In the planar case the inequality (14) reads as
distEXP(f (Ω))

u ◦ f −1, L∞ (f (Ω)) ≤ KdistEXP(Ω) u, L∞(Ω) ifΩ ⊂ R2 and for every u ∈ EXP (Ω) . (15)
This estimate is proved in [8] and it is sharp in the sense that, given any bounded domain Ω ⊂ R2, there exist a K -
quasiconformal mapping f : R2 → R2 and a function u ∈ EXP(Ω) such that the inequality (15) occurs with equal sign. This
is shown by means of Example 3.3 in [8] and of Example 3, where a larger class of quasiconformal mappings is considered.
Theorem 1.5. Let f : R2 → R2 be a K-quasiconformal mapping and let Ω be a bounded open subset of R2. Then
distEXP(Ω)(log Jf , L∞(Ω)) ≤ K − 1. (16)
We address that the above result is sharp, in the sense that there exists a K -quasiconformal mapping f : R2 → R2 such
that the inequality (16) occurs with equal sign. This is shown by means of Example 4.
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2. Definitions and preliminary results
We will need to recall the basic properties of the Muckenhoupt class Ap (see [25]). A function w : Rn → R is called a
weight ifw is positive a.e. and locally integrable in Rn. A weightw belongs to the Muckenhoupt class Ap for 1 < p <∞ if
Ap(w) = sup
Q

−

Q
w dx

−

Q
w
− 1p−1 dx
p−1
<∞. (17)
The supremum in (17) is taken over all cubes Q ⊂ Rn. We say that Ap(w) is the Ap-constant of w. The Muckenhoupt class
A∞ is defined as
A∞ =

p>1
Ap.
It should be mentioned that an example of weight in Ap (1 < p <∞) is given by the function
w(x) = |x|α ∀x ∈ Rn, (18)
if α is in the range
− n < α < n(p− 1). (19)
Let us mention here (see for instance [6]) thatw ∈ A∞ if and only if for every cube Q ⊂ Rn and every measurable set E ⊂ Q
it holds
E w(x)dx
Q w(x)dx
≤ C0
 |E|
|Q |
α
, (20)
for some 0 < α ≤ 1 ≤ C0.
It is straightforward to prove the following result (already stated in [11]), which links the space of functions of bounded
mean oscillation and A2 weights.
Proposition 2.1. Let u ∈ BMO(Rn). There exists λ > 0 such that e uλ ∈ A2. Moreover
ε(u) = inf

λ > 0 : e uλ ∈ A2

. (21)
We will also need some well-known properties of quasiconformal mappings. Our main references here will be [2,4,23,
29]. Let f : Rn → Rn be a quasiconformal mapping. As already mentioned, the Jacobian of f is a weight in A∞. This is
equivalent to (6) since f satisfies the identity
|f (G)| =

G
Jf (x)dx,
for every Lebesgue measurable set G ⊂ Rn. More generally, it is possible to prove that suitable positive powers of the
Jacobian of a planar quasiconformal mapping are Ap weights, as shown by the following theorem, proved in Theorem 12.4.2
in [2].
Theorem 2.2. Let f : R2 → R2 be a K-quasiconformal mapping. Then, for every s ∈ 0, KK−1 ,
J sf ∈ Ap for every p > 1+ (K − 1)s. (22)
As a consequence of the sharp result of Astala [1], it is possible to establish the optimal integrability for positive and
negative powers of the Jacobian of a planar quasiconformal mapping. This is shown in the following theorem.
Theorem 2.3. Let f : R2 → R2 be a K-quasiconformal mapping. If E ⊂ R2 is bounded domain then
Jpf ∈ L1(E) for p ∈

0,
K
K − 1

, (23)
1
Jbf
∈ L1(E) for b ∈

0,
1
K − 1

. (24)
Finally, we need to recall a property of the image of a cube under a quasiconformal mapping, proved in Lemma 4 in [12]
(see also Lemma 4 in [27]).
Lemma 2.4. Let f : Rn → Rn be a K-quasiconformal mapping and let P ′ ⊂ Rn be a cube. There exists a cube Q ⊂ Rn and a
constant C = C(n, K) ≥ 1 depending only on n and K such that P ′ ⊂ f (Q ) and |f (Q )| ≤ C(n, K)|P ′|.
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3. Proofs
We dedicate this section to the proofs of Theorems 1.2–1.5. Various constants which occur at each stage of the proofs are
denoted by C1, C2, . . . .
Proof of Theorem 1.2. Let u ∈ BMO(Rn). Let us fix a constant λ such that
λ > ε(u), (25)
and let us define
s(u, λ) = sup
Q
−

Q
exp
|u− uQ |
λ
dx. (26)
The supremum in (26) is taken over all cubes Q ⊂ Rn. By (25) we see that s(u, λ) <∞. Let us fix some cube P ′ ⊂ Rn. From
Lemma 2.4 in Section 2 there exists a cube Q ⊂ Rn such that
P ′ ⊂ f (Q ), (27)
and
|f (Q )| ≤ C1|P ′|, (28)
for some constant C1 = C1(n, K) depending only on n and K . Consider the sets Ek defined as
Ek =

x ∈ Q : k ≤ |u(x)− uQ | < k+ 1

for k = 0, 1, 2, . . . . (29)
Therefore
s(u, λ) ≥ −

Q
exp
|u(x)− uQ |
λ
dx
=
∞
k=0
1
|Q |

Ek
exp
|u(x)− uQ |
λ
dx
≥
∞
k=0
|Ek|
|Q | exp
k
λ
. (30)
Let us fix some constant µ such that
µ > C(n, K)λ, (31)
where C(n, K) is the constant defined in (7). First observe that
−

P ′
exp
u ◦ f −1(z)− u ◦ f −1P ′ 
µ
dz ≤ exp
u ◦ f −1P ′ − uQ 
µ

−

P ′
exp
|u ◦ f −1(z)− uQ |
µ
dz. (32)
By means of the Jensen inequality we observe that
exp
u ◦ f −1P ′ − uQ 
µ

= exp
−
P ′
u ◦ f −1(z)− uQ
µ
dz

≤ exp

−

P ′
u ◦ f −1(z)− uQ 
µ
dz

≤ −

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz.
The estimate above and (32) yields
−

P ′
exp
|u ◦ f −1(z)− u ◦ f −1P ′ |
µ
dz ≤

−

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz
2
. (33)
Let us define
Gk =

z ∈ P ′ : k ≤ |u ◦ f −1(z)− uQ | < k+ 1

for k = 0, 1, 2, . . . . (34)
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This clearly implies
−

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz =
∞
k=0
1
|P ′|

Gk
exp
u ◦ f −1(z)− uQ 
µ
dz
≤
∞
k=0
|Gk|
|P ′| exp
k+ 1
µ
. (35)
Recalling the definition of the sets Ek given by (29) and using the relations (27), (28) and (35) we get
−

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz ≤ C2
∞
k=0
z ∈ f (Q ) : k ≤ |u ◦ f −1(z)− uQ | < k+ 1
|f (Q )| exp
k+ 1
µ
= C2
∞
k=0
|f (Ek)|
|f (Q )| exp
k+ 1
µ
. (36)
In what follows, we simply denote the constant α(n, K) in (6) by α. It follows from (6) and from the definition of C(n, K)
given by (7) that
−

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz ≤ C3
∞
k=0
 |Ek|
|Q |
α
exp
k+ 1
µ
= C3
∞
k=0
 |Ek|
|Q |
α
exp
kα
λ

exp

k+ 1
µ
− kα
λ

. (37)
Taking into account that the conjugate exponent of p = 1/α is given by p′ = 1/(1− α), we use first Hölder inequality and
subsequently (30) to obtain
−

P ′
exp
u ◦ f −1(z)− uQ 
µ
dz ≤ C4
 ∞
k=0
|Ek|
|Q | exp
k
λ
α  ∞
k=0
exp

1
1− α

k+ 1
µ
− kα
λ
1−α
≤ C5 [s(u, λ)]α e1/µ
 ∞
k=0
θ k
1−α
, (38)
where θ is defined by
θ = exp

1
1− α

1
µ
− α
λ

.
From (31) it follows that θ ∈ (0, 1)which readily implies∞k=0 θ k = 1/(1−θ). Hence, from (33) and (38) wemay conclude
that there exists a constant C6 independent of P ′ such that
−

P ′
exp
u ◦ f −1(z)− u ◦ f −1P ′ 
µ
dz ≤ C6, (39)
provided (31) holds. Let I be the set defined as
I =

µ > 0 : sup
P ′
−

P ′
exp
u ◦ f −1(z)− u ◦ f −1P ′ 
µ
dz <∞

. (40)
The supremum in (40) is taken over all cubes P ′ ⊂ Rn. The inclusion
(C(n, K)λ,∞) ⊂ I,
is proved. We observe that inf I = ε u ◦ f −1 and we conclude that
ε

u ◦ f −1 ≤ C(n, K)λ. (41)
Since λ is any constant satisfying (25), we may pass to the limit for λ ↘ ε(u) in (41) and finally get the desired inequality
(8). 
Proof of Theorem 1.3. We want to estimate ε(log Jf ) by means of (21). Let us fix some constant λ such that
λ > K − 1, (42)
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and define s = 1/λ. Hence 0 < s < 1/(K − 1). Observe that
e
log Jf
λ = J sf .
Nowwe appeal to (22). By (42) we see that 1+ (K − 1)s < 2. In particular, we conclude that J sf ∈ A2. Let I be the set defined
as
I = λ > 0 : J sf ∈ A2 .
The inclusion
(K − 1,∞) ⊂ I,
is proved. The estimate (16) follows from the fact that ε(log Jf ) = inf I . The proof is complete. 
Proof of Theorem 1.4. Let u ∈ EXP(Ω). Let us fix a constant λ such that
λ > distEXP(Ω)(u, L∞(Ω)), (43)
Consider the sets Ek defined as
Ek = {x ∈ Ω : k ≤ |u(x)| < k+ 1} for k = 0, 1, 2, . . . . (44)
Therefore
∞ >

Ω
exp
|u(x)|
λ
dx =
∞
k=0

Ek
exp
|u(x)|
λ
dx ≥
∞
k=0
|Ek| exp k
λ
. (45)
Let us fix a constant µ such that
µ > C(n, K)λ, (46)
where C(n, K) is the constant defined in (7). This clearly implies
f (Ω)
exp
u ◦ f −1(z)
µ
dz =
∞
k=0

f (Ek)
exp
u ◦ f −1(z)
µ
dz
≤
∞
k=0
|f (Ek)| exp k+ 1
µ
. (47)
In what follows, we simply denote the constant α(n, K) in (6) by α. We fix a cube Q such that Ω ⊂ Q . It follows from (6)
and from the definition of C(n, K) given by (7) that
f (Ω)
exp
u ◦ f −1(z)
µ
dz ≤ C1|f (Q )|
∞
k=0
 |Ek|
|Q |
α
exp
k+ 1
µ
= C1|f (Q )|
∞
k=0
 |Ek|
|Q |
α
exp
kα
λ

exp

k+ 1
µ
− kα
λ

. (48)
Taking into account that the conjugate exponent of p = 1/α is given by p′ = 1/(1− α), we use Hölder inequality to obtain
f (Ω)
exp
u ◦ f −1(z)
µ
dz ≤ C1|f (Q )|
 ∞
k=0
|Ek|
|Q | exp
k
λ
α
e1/µ
 ∞
k=0
θ k
1−α
, (49)
where θ is defined by
θ = exp

1
1− α

1
µ
− α
λ

.
From (46) it follows that θ ∈ (0, 1)which readily implies∞k=0 θ k = 1/(1−θ). Hence, from (45) and (49) wemay conclude
that
exp
|u ◦ f −1|
µ
∈ L1(f (Ω)),
provided (46) holds. Let I be the set defined as
I =

µ > 0 : exp |u ◦ f
−1|
µ
∈ L1(f (Ω))

. (50)
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The inclusion
(C(n, K)λ,∞) ⊂ I,
is proved. We observe that inf I = distEXP(f (Ω))

u ◦ f −1, L∞(f (Ω)) and we conclude that
distEXP(f (Ω))

u ◦ f −1 ≤ C(n, K)λ. (51)
Since λ is any constant satisfying (43), we may pass to the limit for λ ↘ distEXP(Ω) (u, L∞(Ω)) in (51) and finally get the
desired inequality (14). 
Proof of Theorem 1.5. The proof relies on the integrability property stated in Theorem 2.3. Let us fix some constant λ such
that
λ > K − 1. (52)
We observe that
Ω
exp
| log Jf |
λ
dx =

{x∈Ω: Jf<1}
J
− 1
λ
f dx+

{x∈Ω: Jf≥1}
J
1
λ
f dx. (53)
From (23) and (24) it follows that
exp
| log Jf |
λ
∈ L1(Ω).
Let I be the set defined as
I =

λ > 0 : exp | log Jf |
λ
∈ L1(Ω)

.
The inclusion
(K − 1,∞) ⊂ I, (54)
is proved. The estimate (16) follows from the fact that distEXP(Ω)

log Jf , L∞(Ω)
 = inf I . The proof is complete. 
4. Examples
We dedicate this section to the construction of examples proving that statements of Theorems 1.2 and 1.4 in dimension
n = 2 and Theorems 1.3 and 1.5 are sharp. Our examples rely on the fact that the functionals ε(·) and distEXP(Ω)(·, L∞(Ω))
satisfy the properties
ε(αu) = |α|ε(u) ∀u ∈ BMO(Rn) ∀α ∈ R, (55)
and
distEXP(Ω)(αu, L∞(Ω)) = |α|distEXP(Ω)(u, L∞(Ω)) ∀u ∈ EXP(Ω) ∀α ∈ R, (56)
and also on the fact that the Jacobian of the radial stretching
f (z) = ρ(|z|) z|z| ,
is given by
Jf (z) = ρ(|z|)ρ˙(|z|)|z| .
Here ρ(·) is a smooth increasing function such that ρ(0) = 0 and ρ˙(·) is its derivative.
Example 1. We show that for every K ≥ 1 there exist a K -quasiconformal mapping f : R2 → R2 and a function
u ∈ BMO(R2) such that (9) holds as an equality. To this aim, it is sufficient to consider the function
u(x) = log |x| ∀x ∈ R2, (57)
and to take the radial stretching
f (y) = |y| 1K y|y| ∀y ∈ R
2.
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The inverse of f is given by
f −1(z) = |z|K z|z| ∀z ∈ R
2.
Therefore u ◦ f −1 and u are related by
u ◦ f −1(z) = Ku(z) ∀z ∈ R2.
We appeal to (55) and we get
ε

u ◦ f −1 = Kε(u),
as desired.
Example 2. We show that for every K ≥ 1 there exists a K -quasiconformal mapping f : R2 → R2 such that (11) holds as
an equality. We consider the K -quasiconformal mapping given by
f (z) = |z|K z|z| ∀z ∈ R
2.
We compute the Jacobian of f and we get
Jf (z) = K |z|2(K−1) ∀z ∈ R2.
Wewant to evaluate ε(log Jf ) by means of (21). If we replace cubes by balls in (17) we obtain a quantity which is equivalent
to the Ap-constant ofw. This implies thatw ∈ A2 if and only if
sup
B

−

B
w dx

−

B
1
w
dx

<∞. (58)
The supremum in (58) is taken over all balls B ⊂ R2. It is straightforward to see that w ∈ A2 if and only if 1/w ∈ A2. It is
therefore sufficient to establish for which values of λ > 0 the function exp

− log Jf
λ

belongs to A2. To this aim, we observe
that
exp

− log Jf (z)
λ

= K− 1λ |z|− 2(K−1)λ .
It is clear from (18) and (19) that e−
log Jf
λ ∈ A2 for λ > K − 1 while e−
log Jf
λ ∉ A2 for λ ≤ K − 1 (actually e−
log Jf
λ is not even
locally integrable on each ball with center in the origin). It follows that ε(log Jf ) = K − 1 as claimed.
Example 3. We show that for every bounded domainΩ of R2 and for every K ≥ 1 there exist a K -quasiconformal mapping
f : R2 → R2 and a function u ∈ EXP(Ω) such that (15) holds as an equality. Up to a translation, we may assume that
0 ∈ Ω . It is sufficient to prove the claimed result with this additional hypothesis, since the distance to L∞ in the space of
exponentially integrable function satisfies the following property
distEXP(x0+Ω)

u(x0 + ·), L∞(x0 +Ω)
 = distEXP(Ω)(u, L∞(Ω)) ∀x0 ∈ R2,
where x0 +Ω = {x ∈ R2 : x− x0 ∈ Ω}. Let us take some radius R > 0 such that BR b Ω . Let u : Ω → R be the function
u(x) = −2 log |x|
R
∀x ∈ BR, u(x) = 0 ∀x ∈ Ω \ BR.
It is easily seen that u ∈ EXP(Ω); especially,
distEXP(Ω)(u, L∞(Ω)) = 1.
We consider the K -quasiconformal mapping
f (y) = R1− 1K |y| 1K y|y| ∀y ∈ BR, f (y) = y ∀y ∈ R
2 \ BR. (59)
Since f agrees with the identity outside BR it follows that f (Ω \ BR) = Ω \ BR; on the other hand f maps BR onto itself and
this implies that f (Ω) = Ω . Notice that f (0) = 0. The inverse of f is given by
f −1(z) = |z|
K
RK−1
z
|z| ∀z ∈ BR, f (z) = z ∀z ∈ Ω \ BR.
Therefore u ◦ f −1 and u are related by
u ◦ f −1(z) = Ku(z) ∀z ∈ R2.
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We appeal to (56) and we get
distEXP(f (Ω))(u ◦ f −1, L∞(f (Ω))) = KdistEXP(Ω)(u, L∞(Ω))
as desired.
Example 4. We show that for every bounded domainΩ ofR2 and for every K ≥ 1 there exists a K -quasiconformalmapping
f : R2 → R2 such that (16) holds as an equality. As for Example 3 wemay assume that 0 ∈ Ω and then fix some R > 0 such
that BR b Ω . We consider the K -quasiconformal mapping given by the inverse of the one defined in (59), namely
f (z) = |z|
K
RK−1
z
|z| ∀z ∈ BR, f (z) = z ∀z ∈ Ω \ BR.
We compute the Jacobian of f and we get
Jf (z) = KR2(K−1) |z|
2(K−1) ∀z ∈ BR, Jf (z) = 1 ∀z ∈ Ω \ BR,
and therefore
log Jf (z) = log K + 2(K − 1) log |z|R ∀z ∈ BR, log Jf (z) = 0 ∀z ∈ Ω \ BR.
Since log Jf is supported in BR and since
log Jf (z) = log K + v(z) ∀z ∈ BR,
where
v(z) = 2(K − 1) log |z|
R
∀z ∈ BR,
it follows that
distEXP(Ω)

log Jf , L∞(Ω)
 = distEXP(BR) v, L∞(BR) . (60)
Hence 
BR
exp
|v|
λ
dz =

BR
 |z|
R
− 2(K−1)
λ
dz
= 2π
 R
0
 r
R
− 2(K−1)
λ
rdr
= 2πR
 1
0
t1−
2(K−1)
λ dt. (61)
A straightforward computation gives us that exp |v|
λ
∈ L1(BR) for λ > K − 1 while exp |v|λ ∉ L1(BR) for λ ≤ K − 1. Finally,
from (60) it follows that
distEXP(Ω)

log Jf , L∞(Ω)
 = K − 1
as claimed.
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